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Theoretical Prediction of Effective Heat 
Transfer Parameters in Packed Beds 

A theory for predicting the effective axial and radial thermal conductivi- 
ties and the apparent wall heat transfer coefficient for fluid flow through 
packed beds is derived from a two-phase continuum model containing the 
essential underlying and independently measurable heat transfer processes. 
The theory is shown to explain much of the confused literature and pinpoints 
the remaining major areas of uncertainty, further investigation of which is 
needed before secure prediction is possible. 

SCOPE 

Knowledge of the effective thermal conductivity and 
wall heat transfer coefficient for fluid flow through packed 
tubular beds forms an important aspect in the design of 
catalytic reactors. 

In  studying heat transfer in packed beds, we attempt to 
answer the following question: Given the mass velocity of 
the fluid, the mean bed voidage, the tube diameter, the 
particle size, shape and conductivity, and the essential 
physical properties of the fluid such as the viscosity, spe- 
cific heat, and molecular conductivity, what values do the 
effective axial and radial conductivity of the bed and the 
wall heat transfer coefficient take? This question has 
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dogged researchers for the past 25 yr, and, despite the 
vast literature, no satisfactory answer has been found. Nor 
will it be answered, we believe, by producing yet more 
empirical correlations. 

The main objective of this paper and contribution to the 
profession, we hope, is to direct attention towards a theo- 
retical, rather than empirical, approach. By theoretical ap- 
proach, we imply the development of a model relating 
effective heat transfer parameters to the essential underly- 
ing and independently measurable heat transfer processes. 
Thus, no empirical or adjustable constants are involved. 
We have accounted for seven such basic heat transfer steps 
which we have felt necessary to review in the middle part 
of our paper. 

The predictions of the theory are compared with reliable 
literature data for qualitative trends in parameter relations 
as much as for absolute accuracy. We feel that a thorough 
testing of our theory must await further experimental work 
on several of the basic heat transfer steps. 
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CONCLUSIONS AND SIGNIFICANCE 

The significance of this work is, we believe, that for the 
6rst time we have a theoretical model which provides a 
systematic framework for building up estimates of effective 
thermal conductivities and wall heat transfer coefficient 
from clearly identifiable basic heat transfer steps. 

We have tried to test this model as far as is possible 
against reliable literature data, but a thorough examination 
must await further research into several of the basic heat 
transfer steps. 

In discussing our conclusions it is perhaps best to deal 
with each parameter in turn. 

1. Wall Heat Transfer Coefficient (hw,eff). Our theory 
shows that if the wall heat transfer coefficient is correlated 
in terms of a Biot number rather than a Nusselt number, 
as has been the normal practice, a unique relationship with 
Reynolds number should occur, independent of particle 
size or conductivity. In particular, it was found that the 
theoretically derived relation 

B i ( $ ) =  3.0Re-0.25 (Re>40)  

predicted adequately wall heat transfer coefficients over a 
wide range of conditions. 

On the other hand, the N u  vs. Re relation is nonunique 
but depends on several factors, such as the tube/particle 
diameter ratio, the pellet conductivity, the fluid/solid heat 
transfer coefficient, the radial fluid conductivity, and the 
solid/wall heat transfer coefficient. 

The apparently large scatter of N u  vs. Re correlations, 
which has been a source of much investigation, is no more 
than a failure to recognize these additional factors. 

2. The Effective Radial Conductivity (k,&. This is the 
most accurately predicted heat transfer parameter. A some- 
what simplified case of the general relationship that we 
have tested against experimental data may be written as 

Thus, the effective conductivity depends not only on the 
conductivities of the two phases, as has been thought pre- 
viously, but also on additional parameters, such as the 
fluid/wall heat transfer coefficient, the fluid/solid heat 
transfer coefficient, the particle diameter, and the tube/ 
particle diameter ratio. 

Only in the limit d t / d p  + co is it strictly permissible to 
treat the effective conductivity as the sum of the conduc- 
tivities of the two phases existing in parallel. 

The effective radial conductivity can be predicted to 
within a few percent over a wide range of Re and dt/d,, 
ratio. This compares with empirical correlations which are 
accurate to within 25% for nonmetallic packings and 

3. The affective Axial Conductivity (k,,,e& This is per- 
haps the least accurately predcted heat transter parameter. 
?'he analogous relationship for the effective axial conduc- 
tivity that we have used in our comparison with literature 
data is given by 

or worse for metallic packings. 

I 

The effective axial conductivity depends not only on the 
axial conductivities of the two phases but also on the fluid/ 
solid heat transfer coefficient, the particle diameter, and 
the tube/particle diameter ratio. 

Only in the limit d t /dp  + CQ is it strictly permissible to 
treat the effective conductivity as the sum of the conduc- 
tivities of the two phases existing in parallel. 

At present, it is not possible to test the equation over a 
wide range of conditions, since two of the basic steps in 
the theory are far from resolved. These concern axial gas 
mixing studies at moderate Re for systems having low 
d t / d p  ratio (from which kaf can be determined) and fluid/ 
solid heat transfer studies conducted at low Re, for which 
there is considerable disagreement in the literature. 

An important conclusion which was reached in the 
course of testing the theory is that much of the literature 
data on heat transfer is extremely unreliable, 

We implore future experimenters to address themselves 
to the following questions: 

1. Is the type of experiment conducted satisfactory for 
the reliable determination of effective heat transfer pa- 
rameters? 

2. Is the model used in the analysis of the data adequate 
or have significant terms been omitted? 

3. Is the method of analysis statistically sound in the 
face of experimental errors? 

We hope that this work will stimulate further research 
into heat transfer in packed beds, particularly into studies 
of some of the basic heat transfer steps which are still 
poorly understood. In particular, there is a need for work 
in the following areas: 

1. Axial dispersion studies at small dJd, ratio ( d t / d ,  - 
3-12) over an extended range of Re. 

2. Solid/fluid heat or'mass transfer studies at  low Re. 
3. Wall/fluid mass transfer studies at  low Re (< 100) 

for gases (from which wall/fluid heat transfer coefficients 
can be estimated). 

4. Wall/solid heat transfer. 

In spite of 25 yr of active research, today's chemical 
engineer has at his disposal but a handful of empirical 
correlations for predicting effective heat transfer parame- 
ters in packed beds. The majority of these correlations 
show different functional dependencies, and all of them 

are specific to the given system and range of operating 
conditions over which they were fitted to the data. While 
these researches have often given valuable insight into the 
nature of the individual heat transfer processes involved, 
the integration of these steps into a reliable model for 
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Fig. 1. Schematic representotion of packed bed. 

predicting effective heat transfer parameters has so far 
remained elusive, and it forms one of the principal objec- 
tives of current heat transfer research. 

As a starting point for a predictive method, we consider 
a diffusional model of the heat transfer processes which 
allows for different temperature profiles in the solid and 
fluid phases similar to that described by Olbrich (1970) 
but generalized to include axial conduction in both the 
fluid and solid. This model contains many, if not all, of the 
basic heat transfer parameters which are believed to be 
significant and which can be determined experimentally. 
A semianalytical solution of this model can be obtained by 
a combined collocation-perturbation technique. This solu- 
tion is then compared with a similar one-point collocation 
solution of the simpler pseudohomogeneous model contain- 
ing effective conductivities and apparent wall heat transfer 
coefficient. Relations between the parameters of the two 
models are found by exactly matching the fluid-phase tem- 
perature distribution in the two-phase model with the one- 
phase model solution. In deriving these relations, it is un- 
necessary to assume that solid and fluid temperatures are 
equal or that their second derivatives in the axial direction 
are equal (Vortmeyer and Schaefer, 1974), both assump- 
tions severely restricting the validity of the relations. The 
ability of this approach to explain both qualitative and 
quantitative aspects of published data is examined, 

THEORETICAL BACKGROUND 

We shall consider a packed tubular heat exchanger of 
the form used in recent experimental studies (Gunn and 
Khalid, 1975; Dixon et al., 1978~) .  The bed consists of 
an unheated long calming section (a) and a heated test 
section (b) ,  the walls of which are insulated from each 
other at the plane z = 0, as in Figure 1. Both sections 
are packed with similar solid particles to provide a con- 
tinuous length of packing. It is assumed that the fluid 
entering the section (a )  and the wall of section (a )  are 
at the same temperature To, the wall of the heated sec- 
tion being at T,. 

In setting up the model, it will be assumed that the 
temperature variations within particles may be smoothed 
so that only large scale changes in solid temperature in 
the axial and radial directions need be considered. A simi- 
lar approach is adopted for the fluid. If we assume con- 
stancy of physical properties and the fluid to be in axially 
dispersed plug flow, the following differential heat balances 
may be set up: 

Fluid phase 

aT - ah(T - t )  = Gcp- (1) az 
Solid phase 

1 at a2t 
dr2 r ar az 

k,, (2 + - -) + k,, + ah(T - t )  = 0 

with boundary conditions 

at r = O  (3) 

- k , f - = h w f ( T - T T , )  aT 

- k r f - = h w f ( T - T o )  aT 

at r = R ,  z > O  (4) 

at r = R ,  z < O  (5) 

at r = R ,  z > O  ( 6 )  

ar 

ar 

- k r , - = h , , ( t - T , )  at a t  
at 

- k r s - = h w , ( t - T o )  at r = R ,  z<O (7) a t  

(8) 

(9) 
(10) 

(11) 

t , T + T o  as Z-J - co 
t , T + T ,  as z + + c a  

T ( 0 ' )  = T ( 0 - ) ;  t ( O + )  = t ( 0 - )  

aT(o+)  a ~ ( 0 - 1  at(o+) a t ( o - )  --=--' , -=- 
az az az az 

A discussion of the physical significance of the parame- 
ters and their estimation is given later. 

ANALYSIS OF THE TWO-PHASE MODEL 

Olbrich (1970) obtained an exact analytical solution 
of the two-phase model by neglecting axial conduction 
terms in both phases. Unfortunately, inclusion of these 
terms alters the nature of the problem and greatly com- 
plicates the mathematical solution. Since matching of 
models in this context usually means equating the first 
terms of respective infinite series solutions which is, in it- 
self, an approximate procedure and which also leads to 
implicit relations between parameters, we prefer at the 
outset to derive approximate solutions of the models which 
then lead to explicit parameter relations. As a basis we 
employ a collocation-perturbation technique, details of 
which are given in the Appendix. It is shown there that 
the dimensionless temperature distribution in the fluid 
phase is given approximately by 

Bif(Y2 - 1) - 2 
[ I + {  B i f + 4  

(x > 0 )  

The solid-phase temperature distribution t' (x, y ) is not 
considered in the model matching procedure and, there- 
fore, is not given here. However, solid-phase temperature 
profiles are considered in the Appendix. 

ANALYSIS OF THE PSEUDOHOMOGENEOUS MODEL 

Temperature measurements in a packed bed are in- 
variably analyzed by a pseudohomogeneous model which 
makes no distinction between the fluid and solid tempera- 
tures. A differential heat balance for this model leads to 
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the equation 

with boundary conditions 

at r - 0  (14) 

a T b  - kr,eff - = h,,eff ( T b  - T,) at r = R, z > O ar 
(15) 

a r b  - kr,eEf - = hw,eft ( T b  - T O )  at r = R, z < 0 dr 

(16) 

T b - + T ,  as 2 3  - d o  (17) 

T b + T w  as z + + a  (18) 

T b ( O t )  Tb(O.-) (19) 

(20) 
d T b ( 0 ’ )  I a T b ( O - )  --- 

az az 

where kr,,rf and k , , f f  are effective radial and axial bed 
conductivities, and hw, cff is the apparent wall heat transfer 
coefficient. 

This model has been shown to provide a statistically 
adequate description of the temperature distribution in a 
packed bed (Dixon et al., 1978b). A one-point collocation 
solution of this model gives the dimensionless temperature 
distribution 

j (y) Bi(y2 - I) - 2 ’ + {  B i + 4  
( x  > 0) 

Pe’A( 1 - p’)x 
exp { 2 

tJ(s y) = 

RELATIONSHIPS BETWEEN MODEL PARAMETERS 

The criterion for matching the two models to give re- 
lationships between the two sets of parameters is best 
evaluated by considering the usual experimental procedures 
for measuring temperatures in a packed bed. These proce- 
dures fall into two categories: 

1. The radial temperature profile in the fluid leaving 
the heated bed is measured by an array of thermocouples 
suspended above the bed (Calderbank and Pogorsky, 
1957; DeWasch and Froment, 1972; Dixon et al., 1 9 7 8 ~ ) .  

2. The temperature profile along the central axis 
( r  = 0 )  is measured together with the entrance and exit 
mixing cup temperatures by inserting thermocouples 
through the wall of the tube at different axial positions 
(Yagi and Wakao, 1959; Agnew and Potter, 1970). 

In the first procedure, it is the fluid-phase temperature 
profile which is measured, and it is appropriate, there- 
fore, to match the solution of the pseudohomogeneous 
model with that of the fluid phase in the two-phase model. 
In the second procedure, it is much less obvious just which 

temperature is being measured, and it is more appropriate 
to match the solution of the pseudohomogeneous model 
with some averaged temperature obtained from the two- 
phase model, although it is not clear how the averaging 
should be carried out. 

In our experience, the former procedure gives more 
reliable temperature measurements, permits more data to 
be gathered, and is more flexible when axial conduction 
effects must be considered. Since it has also been more 
widely used than the second procedure, we shall prefer 
to employ it here. 

By inspection of Equations (12) and (21), we may 
match the model solutions exactly at all points ( x ,  y) by 
the following dimensionless parameter relations: 

Bi = Bit (22) 
1 1 ( k s / k , >  + -=- 

PeA PeAF R e h j  l+$(*)}z 

(23) 
1 ( k r s & l )  { (Bif  + 4)/(BifjI + - -- 1 -- 

PeR PeRF Re Pr ( ( 8 / N s )  + (Bis  + 4)/Bi,} 

( 24) 
These equations form the most comprehensive relation- 

ships so far derived for predicting Bi, PeA, and PeR and 
indicate the complexity of the synthesis of underlying 
heat transfer processes. The terms on the right-hand side 
of Equations ( 2 2 )  to ( 2 4 )  can be estimated from existing 
correlations. Thus, no adjustable parameters are involved. 

RELEVANT HEAT TRANSFER CORRELATIONS 

A brief review of some of the available heat transfer 
correlations for estimating the dimensionless groups in 
Equations ( 2 2 )  to ( 2 4 )  is necessary before proceeding 
with a discussion of the parameter relations. 

Effective Radial and Axial Solid Conductivities (k,,, kasj 
The works of Littmann and Sliva (1970), Kunii and 

Smith (1961), and Willhite et al. (1962) show that k,, 
k,, can be treated as stagnant conductivities, independent 
of fluid flow and, in particular, k,, = krs. Zehner and 
Schlunder (1970) present a correlation for stagnant bed 
conductivities which gives, for k,,/k, 

(25) 
where 

B 4 - 1  B - 1  --- 
2 (I+) 

with 

and 
C = 1.25 for spheres 

= 1.4 crushed particles 
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= 2.5 cylinders/Raschig rings 

The Fluid-Phase Radial Peclet Number (PeRF) 

This group can be estimated from radial mixing experi- 
ments (Fahien and Smith, 1955; Roemer et al., 1962; 
Gunn and Pryce, 1969). The latter authors suggest an 
equation for interpolating between molecular and turbu- 
lent conduction limits of the form 

This equation does not account for the rather weak maxi- 
mum in the observed PeRF vs. Re relationship. There is 
some disagreement as to the value of the turbulent con- 
duction limit PeRF(co). Gunn finds a constant value 
PeRF(w) = 11, independent of the tube/particle diam- 
eter ratio (&/&). However, Fahien and Smith, Roemer 
et al., and more recently Olbrich and Potter (1972) claim 
PeRF ( w ) to be correlated with &/do, according to 

PeRF( C O )  = A (1 + 19.4 (27) 
where A lies between 7 and 10. 

An examination of the data of Fahien and Smith reveals 
that feRF( w )  tends to fluctuate with Re within the range 
8 to 12. These fluctuations are such as to render Equation 
(27) of doubtful validity. At present, the best we can do 
is take an average value 

PeRF(C0) = 10 
The Fluid-Phase Axial Peclef Number &AF) 

Virtually the entire literature on axial gas mixing has 
been devoted to large diameter beds in which wall effects 
can be neglected. 1 his case seems to be adequately COV- 

ered by the data of Edwards and Richardson (1968), 
which is correlated by 

an equation whose functional form has been confirmed 
theoretically by Bischoff (1969). 

Unfortunately, Equation (28) appears to seriously over- 
estimate PeAF for small diameter columns, as indicated by 
Hsiang and Haynes (1977). There are, as yet, no correla- 
tions available for this important case, and considerably 
more work is needed in this area. 

It is interesting to note that the constants in Equations 
(26) and (28),  premultiplying the term dRePr, are found 
experimentally to be roughly 0.7, rather than unity, as 
might be expected. In other words, only 70% of the fluid 
in the bed i s  effective for axial and radial mixing, the 
other 30% being associated with the solid phase, pre- 
sumably making up the relatively stagnant fluid fillets 
surrounding the contact points between adjacent pellets. 
This result is in broad agreement with Zehner and 
Schliinder's work ( 1970) on stagnant bed conductivities, 
which assigned a fraction of 1 - \/l?of the bed vol- 
ume to the fluid phase, rather than E. Thus, for E = 0.4, 
only 56C; of the fluid in the bed is contributing to heat 
transfer directly through the fluid phase. 

The Fluid/Solid Heat Transfer Coeff'cient (hl 
In smoothing the solid temperature variations, we may 

regard t ( z ,  T )  in Equation ( 2 )  as representing the mean 
temperature of a solid particle at the point ( z ,  7). Conse- 
quently, the interphase heat transfer coefficient ( h )  should 
be treated as a lumped parameter including the true fluid/ 
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solid film heat transfer coefficient (hf,) and the particle 
conductivity ( kp). The appropriate lumping was shown 
by Stuke (1948) to be given by 

(29) 

where /3 = 10, 8, and 6 for spheres, cylinders, and slabs, 
respectively, and dp is the sphere or cylinder diameter or 
slab thickness. 

The fluid/solid heat transfer coefficient ( hfs) is well 
correlated by Handley and Heggs (1968) in the form 

6 

for Re > 100 and at/& > 8. At low values of Re, there 
is a tremendous scatter (over two orders of magnitude) 
in estimates of Nu*, obtained by various workers. Esti- 
mates of the asymptotic value as Re 3 0 vary between 
about 0.1, which can be inferred from the mass transfer 
work of Wakao et al. (1976), to 12.4, as measured by 
Miyauchi et al. (1976). There is obviously a need here for 
a careful look at the type of experiment best suited to 
heat or mass transfer studies at low values of Re. 

The Fluid/Wall Heat Transfer Coefficient (hU$ 
The direct determination of h,f from heat transfer ex- 

periments is made difFicult because of simultaneous heat 
transfer between the wall and contacting particles. How- 
ever, it is possible to estimate h,f from mass transfer ex- 
periments using a heat and mass transfer analogy. Yagi 
and Wakao (1959) estimated the wall mass transfer co- 
efficient by measuring the dissolution rate of a coated ma- 
terial on the inner wall of the packed tube to a water 
stream. By analogy, the fluid/wall heat transfer coefficient 
is correlated by 

0.6 Pr1I3 Re'J2 (Re  1-40) 
NUfW = - = 

k* 0.2 Pr1I3 ReO,a (Re  40-2 000) 

(31) 
h w f d ,  

Kunii and Suzuki (1968a), in a similar experiment, found 

Nufw = C Pr1'3 ReQ.75 (Re > 100) (32) 
where 

0.06 C=- 
eo2 

and E~ is the average void fraction of the wall region 
(thickness = 0.5 4); em will depend to some extent on 
the packing and the dJd, ratio. For spheres, Dixon 
(1978b) reports E@ N 0.5, with little if any dependency 
on dt/dp. 

The validity of the correlation of Yagi and Wakao for 
low values of Re is in some doubt owing to the neglect 
of axial dispersion in the analysis of the data. 

Olbrich and Potter (1972) measured the vaporization 
of mercury from the wall into a nitrogen stream. They 
had to consider also simultaneous axial and radial gas 
mixing in the voids as well as accounting for the pressure 
drop across the bed, side effects which were absent in the 
work of Yagi and Wakao. It is perhaps not surprising that 
their data, which are correlated by 

Nu!, = 8.9 Pr1I3 Re0.34 (33)  

are substantially different from those of Yagi and Wakao. 

The Salid/Wall Heat Transfer Coefficient (hwsJ 
There is little, if any, published data on this parameter. 
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Fig. 2. Comparison of theoretical and experimental Biot numbers. 
(V Dixon et (11. (1978), dt = 70.8 mms, ceramic balls dp = 6.4, 
9.5, 12.7 mms, steel spheres d ,  = 9.5 mms; 0 de Wasch and Fro- 
ment (19721, dt = 99 mms, Vz05 catalyst cylinders, d ,  = 5.7 mms; 
'I Kunii et al. (19681, dt = 140 mmj, celite spheres, d, = 28 mms, 
42 mms). Coberly and Marshall (1951), dt = 127 mms, celite 
cylinders, dp = 3.6, 7.3, 13.2 mms;* 6 Calderbank and Pogorsky 
(1957), dt = 101.6 mms, alundum spheres d, = 6.4, 12.7 mms, 
celite cylinders d,  = 3.6, 7.3 mms.* 
*Diameter of equal volume sphere. 

About all we can do at present is estimate a lower bound 
by considering the ideal case of heat transfer between a 
plane wall and a contacting hexagonal close packed array 
of spheres (Oibrich, 1970). For this case 

(34) 
or 

In practice, when Bi, 1 10, its effect on the parameter re- 
lations in Equations (22) to (24) is unusually small. Thus, 
unless R / d ,  is very small, it should always be permissible 
to set Bi, = CQ. 

DISCUSSION 

The Apparent Wall Biat Number IBi) 
The fluid/wall heat transfer coefficient (A,,) can be 

correlated in terms of a 6usselt number (Muf,) , appear- 
ing in Equations (31) to ( 3 3 ) ,  or a Biot number ( B i f ) ,  
defined by 

( 3 5 )  

From Equation (35) and the definition of Nujw in Equa- 
tion (31 ) ,  we obtain 

Nearly all the work on heat transfer in packed beds has 
used air as the fluid, for which PT = 0.72. Taking PeRF 
= 10 (for Re > 40) and Nufw from Equation ( 3 2 ) ,  with 

E~ = 0.5, Bi = Bif from Equation (22) ,  then the apparent 
Biot number is given by 

Bi (2) = 3.0 Re-0.25 (37) 

This important result shows that the apparent wall heat 
transfer coefficient (h,,.ff), if represented in terms of the 

I 
1 

3 t 501 

z 

*I 

_- 
a 

5 u  

.. - 

Fig. 3. Comparison of theoretical and experimental Nusselt numbers. 
(Dixon et 01. (1978) ceramic balls, V 12.7 mm, A 9.5 mm, 0 6.4 
mms; steel spheres H 9.5 mm; de Wasch and Froment (19721, v205 
cylinders, 0 5.7 mms; Kunii et al. (1968), celite spheres V 28 m m  
and 42 mms). 

product Bi ( & / R ) ,  should correlate uniquely with Re for 
particles of differing sizes and conductivities. 

The prediction of Equation ( 3 7 )  is shown in Figure 2 
to be fairly close to the experimental data of Dixon et al. 
(197Sa), DeWasch and Froment (1972), Kunii et al. 
( 1968a), and Calderbank and Pogorsky (1957). Also 
shown are the estimates of Bi obtained by reanalysis of 
the data of Coberly and Marshall (1951), using the 
pseudohomogeneous model, Equations ( 13) to ( 2 0 ) ,  and 
employing nonlinear regression analysis, The correlation 
of Yagi and Wakao for Nufzu [Equation (31)] also gives 
a prediction of Bi close to experimental values. However, 
that of Olbrich and Potter [Equation (33)]  predicts 
values of Bi which are much too high. 

Nothing definite can be said at present on the Bi vs. 
Re relationship at low values of Re (say Re < 40). Only 
Yagi and Wakao have measured wall/fluid mass transfer 
coefficients in this region (from which h,f can be esti- 
mated), and their correlation should be treated cautiously 
since axial dispersion effects were Aeglected in their anal- 
~ s i s .  In the analogous problem of fluid/solid heat transfer 
at low Re, Gunn and DeSouza (1974) report estimates of 
hf, increased by up to two orders of magnitude when axial 
conduction effects are included in the model. It will be a 
difficult matter also to test any theoretical prediction of Bi 
at low Re, since very short bed depths must be used in 
practice (typically a few particle diameters). This creates 
numerous practical difficulties, and, on top of all these, 
there always remains the nagging problem of deciding on 
the proper boundary condition to use at the bed exit, a 
problem which assumes considerable importance for very 
short beds. 

Much of the literature data on the apparent wall heat 
transfer coefficient is, however, presented in terms of the 
apparent Nusselt number Nu = (h,,,ff dp/kg), which is 
related to the Biot number by 

Re Pr 
P e R  

~u = Bi( $) - 
Eliminating PeR by Equation (24) and Bi by means of 
Equations ( 2 2 )  and ( 3 6 ) ,  we obtain 
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RE - 
Fig. 4. Radial Peclet number data. 

Key to graph: 

Symbol Packing 

0 
rn 
v 
A 
V 
D 
0 
0 
0 
A 

6.8 mm nickel 
6.4 mm steel 
1.0 mm lead 
7.0 mm lead 
6.0 mm glass 
0.5 mm glass 
1.15 mm glass 
3.0 mm glass 
28 mm celite 
42 mm celite 

d d d p  

14.0 
14.9 
95.2 
13.6 
15.9 

190.5 
82.8 
31.8 
5.0 
3.3 

Workers 

Gunn and Khalid (1975) 
Gunn and Khalid (1975) 
Gunn and Khalid (1975) 
Gunn and Khalid (1975) 
Gunn and Khalid (1975) 
Gunn and Khalid (1975) 
Gunn and Khalid (1975) 
Gunn and Khalid (1975) 
Kunii et 01. (1968) 
Kunii et al. (1968) 

where 
( k,/kg 1 s =  p+-) BZS 

Unlike the group Bi ( d J R ) ,  the Nusselt number does not 
correlate uniquely with Re, for a given fluid, but depends, 
in addition, on the d t /dp  ratio; the pellet conductivity 
(kp) , which influences k,,/k,; the interphase heat transfer 
coefficient (hf,), through the Ns group; the radial fluid 
conductivity ( k , f )  ; and the solid/wall heat transfer coefY- 
cient (hws) .  When the data in Figure 2 are replotted in 
a Nu vs. Re diagram, as in Figure 3, they appear to show 
a considerable scatter. This spread of the data can be 
predicted, however, from Equation (39) for limiting cases. 

Case (a): d t / d p  -+ 00. In the limit as d t / d ,  + 00,  both 
N s  and Bi, -+ 00. Equation (39) can be simplified to the 
form 

if we take P e R F  = 10 for Re > 40. From Kunii and Suzuki 
(1968~)  

for air ( P r  = 0.72), assuming cu = 0.5. 
For a nonmetallic packing (typically, krs/k,  = 7 ) ,  

Equations (40) and (41) predict the curve given as 
case (a )  in Figure 3. 

Case (b): d J d p  small. The general Equation (39) 
must now be used to predict Nu. Case (b)  in Figure 3 
shows that for metallic packings, the ratio Nu/Nu*, can 
be as large as 5 at low to moderate Re. 

Nufw = 0.22 Re0.75 (41) 

7 1 .  

100 
*O0 RE 2 3 d o  5 4 0  

Fig. 5. Comparison of theoretical and experimental radial Peclet 
numbers. 

The Effective Radial Peclet Number ( P e R )  

The vast bulk of the literature data on this parameter 
concerns heat transfer experiments carried out in large 
diameter beds of small particles, for which d J d ,  4 03. 
The case of heat transfer in relatively narrow tubes, for 
which typically 4 6 ( d t / d p )  A 12, which is one of con- 
siderable practical importance, has received insufticient 
attention, 

Most of the literature data have been obtained using 
models which do not account for axial conduction ef- 
fects. However, the analysis of Gunn and Khalid (1975) 
included axial conduction, and the experiments of Kunii 
et al. (1968b) were carried out at very high Re, so that 
axial conduction effects were negligible. The data of these 
two groups are shown in Figure 4. Our own data, also 
accounting for axial conduction, are given in Figure 5, to- 
gether with their 95% confidence intervals. 

The key parameter introducing the effect of a finite 
d t / d p  ratio on Pe, in Equation (24) is the Ns group, 
which is defined by 

Now R = d J 2  and a = 6 (  1 - e ) / d p  for a spherical pack- 
ing. Substituting for h from Equation (29) and eliminat- 
ing hf, in terms of Nu*, from Equation (30), we finally 
obtain 

(43) 
1.5 (1 - e )  x (dt/dp)' 

/ k,, r 1 0.1 I Ns = 
+ -- (TI I Nufs ( k p / k , )  J' 

Note first that as d t /d ,  + M ,  Ns + 00. From Equation 
( A 2 )  in the Appendix, we have the result 

t(z,r) -+ T ( z , r )  as N s 4  00 

In the limit, the two phases attain the same temperature. 
We also note from the boundary conditions (A4a) and 
(A4b) that 

Bis+ Bif as Ns+ 00 

Letting N s  -+ M in Equation (24) leads to the familiar 
limiting form 

(44) 

This form of correlation has been used with considerable 
success by several workers, for example, Kunii et al. 
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data appear to have a greater slope, as is the case with 
virtually all Gunn and Khalid's data. It is not clear why 
this should be; it is encouraging, however, that Equation 
(24) predicts the magnitude of the data reasonably well 
and is a definite improvement over Equation (44) .  

Finally, we note that as Re + 0, Equation (44) com- 
bined with Equation (26) leads to 

(45)  
k0,.eff k,, 

kcl k, 
- = 0.67 Q + - 

the familiar form for stagnant conductivity. The behavior 
of Equation (24),  however, hinges on the behavior of Nu,, 
and Nuj, as Re + 0. Since this is far from well estab- 
lished in the literature, we can come to no conclusions 
regarding Equation (24) as Re + 0. 

Fig. 6. Axial Peclet number data. 

Key to  graph 

Symbol Packing dt/dp Workers 

c8 
0 
0 

f 
'ri 
4 
A 
V 

0 
A 
v * 

Various 

2.6 mm glass 
0.9 mm glass 
4.8 mm steel 
4.8 mm steel 
3.0 mm steel 
1.5 mm lead 
0.5 mm glass 
1.2 mm glass 
2.2 mm glass 
3.0 mm glass 
6.0 mm glass 
3.2 mm steel 
6.3 mm steel 
0.8 mm lead 

3.8-12, 
19.7, 57.8 

19.2 
55.6 
10.4 
14.2 
22.7 
45.3 

190.0 
79.0 
43.3 
31.8 
15.9 
29.8 
15.1 

119.1 

Votruba et (11. (1972) 

Yagi e t  al. (1961) 
Yagi e t  al. (1961) 
Yagi et 01. (1961) 
Yagi et  al. (1961) 
Yagi e t  al. (1961) 
Yagi et  al. (1961) 
Gunn and de Souza (1974) 
Gunn and de Souza (1974) 
Gunn and de Souza (1974) 
Gunn and de Souza (1974) 
Gunn and de Souza (1974) 
Gunn and de Souza (1974) 
Gunn and de Souza (1974) 
Gunn and de Souza (1974) 

(1968b). Figure 4 shows Equation (44) to predict P ~ R  
to within 2 5 %  for nonmetallic packings such as glass and 
celite, having an average value of k,, /k,  = 7, and using 
PeRF( a) = 10. This is to be expected for the results of 
Gunn and Khalid, since most of their data involves high 
dt/dp. The data of Kunii et al. were taken at very high 
Re, so that the first term of Equation (44) dominates and 
PeR N 10, which ensures a reasonable fit. Equation (44) 
is less successful for metallic packings. In these cases, 
( k J k , )  is larger, perhaps 15 to 18, and to maintain a 
large N s  requires increased dt/d, or a very much in- 
creased flow rate. 

For data such as our own, at low dJdP and moderate 
Re, we would not expect Equation (44) to be so suc- 
cessful, and this is confirmed in Figure 5. The general 
Equation (24) should now be used, and the best agree- 
ment (to within a few percent) is found for Bis + co. 
In the absence of data on the solid/wall heat transfer 
coefficient ( hws),  we recommend that this limiting value 
of Bi, be used in computing PeR. The data in Figure 5 
show that particle diameter has only a weak effect on PeR, 
and the data can be adequately predicted by a single 
curve for the intermediate dt/tEp ratio (=  7.5) and with 
PeRF( m )  = 10. 

In Figure 4 we also show the prediction of Equation 
(24) for the metallic packings of' Gunn and Khalid at 
lower cZt/dp (13.6 to 14.9) and moderate Re (50 < Re < 
400) .  The prediction lies within the data; however, the 

Effective Axial Peclet Number (Pea) 
Measurements of effective axial thermal conductivity 

have been made in one of two ways: experiments in 
adiabatic packed beds, that is, no radial conduction pres- 
ent, or joint estimation with PeR and Bi from radial tem- 
perature profiles at bed exit. The latter method, used by 
Dixon et al. (1978~)  and Gunn and Khalid ( 1975), tends 
to give unreliable estimates of PeA, as this parameter has 
little effect on exit profiles. In Figure 6, therefore, we pre- 
sent only results obtained by the first method. 

The results show considerable scatter, typically of an 
order of magnitude, at all Reynolds numbers. There is 
no clear distinction between metallic and nonmetallic 
packings; however, the results of Votruba et al. (1972), 
in all but two cases having 4 6 clt/dp 6 12, lie fairly con- 
sistently beneath the rest, which were mostly for 

We consider first the experiments made on beds having 
a large dJd,  ratio. 

Large ( d J d p )  : In the limit d t /d ,  + co, we have from 
Equation (43) N s  3 00, and the limiting form of Equa- 
tion (23) is 

c u c l ,  > 20. 

Equation (46) shows that when the temperatures of the 
two phases are equal, ( N s  = 00 ) , the effective axial con- 
ductivity, is simply the sum of the conductivities of the 
two phases. If we use Edwards and Richardson's correla- 
tion for PeAm and substitute into Equation (46), noting 
PeAF = PeA,, we obtain 

1 0.5 (0.73 + k,, /k,)  
(47) -= 

PeA 1 + EP/  (RePr) + Re * Pr 

(6 = 9.7, air) 

AS a consequence of our choice of correlation for P~AF,  
we have the limiting relationships PeA + 2 as Re -+ co 
and lcoa,,ff/k, = 0.73 E + ka,/k,. Had we used the cor- 
relations of Hiby (1962) instead, we would have as limits 
PC.4 + 1.54 as Re 3 a and koa,,,,/k, = 0.67 E + k,,/k,. 

Taking an average value of E = 0.4 and the limiting 
cases of ka, /k ,  = 6 (upper dotted curve, nonmetallics) 
and k&, = 18 (lower dotted curve, metallics), we see 
in Figure 6 that the majority of the data of Yagi et al. 
(1960) lies within the band so formed. The results of 
Cunn and DeSouza (1974), on the other hand, display 
more scatter and tend to lie outside the band. Within 
the band the data for metallic packings lie on or nearer 
the lower curve, while those for nonmetallics lie nearer 
the upper curve, suggesting that particle conductivity pro- 
duces a secondary ordering of the data. 
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TABLE 1. COMPARISON OF YAGI AND WAKAO’S METHOD OF DATA ANALYSIS WITH NONLINEAR LEAST SQUARES 

Packing Re 

12.7 mm ceramic balls 536 

429 
291 
140 

9.5 mm ceramic balls 373 
280 
230 
180 
120 

Bed 
depth, mm 

51 
178 
356 
178 
178 
178 

204 
204 
204 
204 
204 

106.6 32.0 42.3 
107.0 53.2 64.0 
105.9 80.5 85.8 
106.8 57.0 68.1 
106.9 64.0 73.8 
106.4 83.5 88.2 

103.6 53.5 65.1 
103.8 58.5 69.7 
104.3 60.5 72.0 
104.0 67.0 77.1 
104.4 76.0 83.5 

(Small (dt /&) : The majority of the data of Votruba 
et al. (1972) applies to dJdP ratios between 4 and 12. 
Their broad band of data lies fairly consistently below 
that of Yagi. In these cases, Ns may not be large, and we 
have to use the general Equation (23) to predict PeA. 
However, we should note that it is necessary to reduce 
the asymptotic value of P e A F (  0 0 )  from the commonly 
accepted value of 2 to about 0.5 in order to achieve a 
reasonable prediction of Votruba’s data. There is some 
support for taking this step provided by the mass transfer 
work of Hsiang and Haynes (1977). Their results in the 
range 1.4 < ( d t / d , )  < 8 show considerably enhanced 
dispersion over that predicted by the correlation of Ed- 
wards and Richardson, which takes PeAm( w )  = 2.0. Un- 
fortunately, their experiments were not conducted at high 
enough Re to allow the asymptotic value of PeAm to be 
determined. Inspection of the axial mass transfer literature 
reveals an acute shortage of work in the ( d t / d , )  and RG 
areas of interest here. Hence, the work of Hsiang and 
Haynes remains uncorroborated. 

SELECTION OF DATA 

It should be observed in relation to the Bi vs. Re re- 
lationship, shown in Figure 2, that a relatively small 
body of data has been selected from a vast literature on 
which to examine the theory. 

There are a number of factors concerned with the ade- 
quacy of the experimental data and the techniques used 
to analyze the data which require discussion. 

First of all, it should be observed from Figure 2 that 
in the low to moderate range of Re (say 40 6 Re 400), 
the Biot number lies in the range (0.7 to 1.2) x ( R / a & ) .  
Now, the solution of the one-phase model, which is fitted 
to observed temperature profiles to give estimates of Si, 
PeR, and PeA, becomes insensitive to Bi when Bi 1 10, 
or when R/dp  1- 10, say. Thus, data collected on beds 
having large d t / d ,  ratio in this range of Re should be re- 
jected on the grounds that reliable estimates of Bi cannot 
be obtained from the data. 

Our second criticism concerns some of the methods 
that have been employed to analyze the data. The first 
group of methods, used by Coberly and Marshall (1951) 
and later by Plautz and Johnstone (1955), obtains pa- 
rameter estimates from the original differential equations 
and boundary conditions, Equations ( 13) to (20),  by 
substitution of first and second partial derivatives with 
estimates obtained by numerical differentiation of the 
data. Even if it were possible to eliminate experimental 
errors totally, which of course it is not, this approach 
would still produce biased parameter estimates, owing to 
the introduction of systematic truncation errors into the 
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Ttn - ( T b ) L /  
T w  - ( T b c ) L  

0.862 
0.799 
0.791 
0.793 
0.772 
0.795 

0.769 
0.753 
0.737 
0.727 
0.736 

11 

1.075 
1.310 
1.340 
1.333 
1.408 
1.326 

1.417 
1.469 
1.520 
1.552 
1.525 

Bi 
(Y/W) 

0.68 
1.12 
1.19 
1.17 
1.36 
1.15 

1.38 
1.54 
1.70 
1.81 
1.72 

Bi 
(NLLS) 

1.60 
2.13 
2.61 
2.45 
2.87 
4.61 

2.88 
3.25 
3.38 
3.58 
3.57 

approximation of derivatives. In the presence of quite 
small experimental errors, these estimators also become 
grossly inefficient. 

Perhaps less obvious are the deficiencies in the analysis 
of Yagi and Wakao (1959), which was followed later by 
Agnew and Potter (1970). Yagi and Wakao’s experimen- 
tal technique consists of measuring the bed temperature 
( T b c )  along the central axis ( r  = 0) at several points, the 
wall temperature (this was assumed to be 100°C and was 
not actually measured), and the mean exit gas tempera- 
ture ( T b ) L .  Taking the first term of the inhi te  series so- 
lution for the plug flow case (PeA = 00 ), Yagi and Wakao 
obtained 

Tw - T b c  - 2 Bi exp [ - zd,X12/ ( R2 * PeR) ] 

T w  - T o  (B i z  + X i 2 )  Jo(Xi) 
- (48) 

Both Bi and PeR were calculated simultaneously from the 
slope of the straight line portion of the semilogarithmic 
plot of Tw - T b c  vs. z, made according to Equation (48),  
together with the ratio of the temperature differences at 
the bed exit 

(49) 

and with the help of the equation 

This procedure is appealingly simple but, unfortunately, 
appears to give estimates of Bi with a large negative 
bias, as is apparent from a comparison with the results of 
nonlinear regression on several of our experimental runs, 
as shown in Table 1. 
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NOTATl ON 

All heat transfer parameters defined in terms of total 
area (void + nonvoid) normal to the direction of heat 
transfer. 

a =  
cp = 
dp = 
dt = 
Daf = 
G =  

specific interfacial surface area 
fluid specific heat 
pellet diameter 
tube diameter 
axial fluid diffusivity 
superficial mass flow rate 
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ka.eft = 
koa,Eff = stagnant bed axial effeitive c&ductivity (one- 

k,f 
krs 
k ,  eff = radial effective conductivity (one-phase model) 
kor,,ff = stagnant bed radial effective conductivity (one- 

phase model) 
= radial conductivity of the fluid 
= radial conductivity of the solid 

apparent fluid/solid heat transfer coefficient 
fluid/solid heat transfer coefficient 
apparent wall heat transfer coefficient (one-phase 
model) 
wall/fluid heat transfer coefficient 
wall/solid heat transfer coefficient 
axial conductivity of the fluid 
axial conductivity of the solid 
axial effective conductivity ( one-phase model) 

phase model) 
molecular conductivity of the fluid 
pellet conductivity 
radial coordinate 
tube radius 
solid phase temperature 
fluid phase temperature 
bed temperature (in one-phase model) 
temperature of calming section wall 
temperature of test section wall 
superficial fluid velocity 
axial coordinate 

Dimensionless Parameters 
apparent Biot number, hw,,ff - R/k,.,,!f 
fluid/wall Biot number, hw,R/kr, 
solid/wall Biot number, hw,R/k, 
ratio of axial to radial solid conductivity, ka,/k, 
interphase heat transfer group, aR2h/kT, 
interphase heat transfer group, aR2h/kT, 
apparent wall Nusselt number, hw,eff * d p / k g  
fluid/wall Nusselt number, h,f dp/kB 
fluid/solid Nusselt number, h,, * d,/kg 
effective axial Peclet number (based on R ) ,  

effective axial Peclet number, GCpdp/ka, e f f  

axial fluid Peclet number (based on d p )  Gc,d,/kaf 
axial fluid Peclet number (based on R )  GcpR/kaf 

GcpR/ka, etf  

axial Peclet number, defined by Equation (AM) 
axial fluid Peclet number (for mass), udp/D,f 
effective radial Peclet number, Gcpdp/kr,ett 
effective radial Peclet number (based on R )  

radial fluid Peclet number, Gcndn/krt 
GcpR/kr, etf  

P e R F  = 
Pe’RF = radial fluid Peclet nurnb;rr (based on R )  

Gc, R/krf 
Pr = Prandtl number, ( pCp/kg)  
Re = Reynolds number, G d p / p  
to = dimensionless solid temperature, 

T O  = dimensionless fluid temperature, 

w = normalized axial coordinate, z / R  
y = normalized radial coordinate, r / R  

( t  - T o )  1 ( T w  - T o )  

( T -  T o ) / ( T w -  T o )  

Greek Letters 
CY 

/3 

2 
/3’ 
y’ 
t = mean bed voidage 
c,,, 

= defined in Equation ( A l l )  
= defined by Equation (A19) 

= defined by Equation (A34) 
= defined by Equation (A27) 
= defined by Equation (A17) 

= mean voidage of wall region (thickness = 4 / 2 )  

e = dimensionless bed temperature, 

p = fluidviscosity 
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APPENDIX 

Two-Phase Model 

The two-phase model equations are, in dimensionless form 

dT' 1 

1 $To NF(T' - t o )  
+--- (Al )  

Pe'AF axz Pe'RF 

with boundary conditions 
aTo at* 

y = o :  -=-=o 
aY a y  

0 x < o  
( A4a 1 

(A4b)  

Bif x >  0 
+ BijTO = aT' y = l :  - 

aY 
ato 0 x < o  

Bi, x >  0 
- + Bis t o  = 
aY 

T o ,  to- ,  1 as x - ,  00 

(A51 

x = 0: To(O+)  = T' (O- ) ;  t o ( O + )  = t o ( O - )  (A6)  

(A71 

We first discretize the radial derivatives in this system by a 
one-point collocation technique, as described by Villadsen and 
Michelson ( 1978). We choose as our collocation point the zero 
of P,(O,O) ( y z ) ,  a choice guided by consideration of the bound- 
ary conditions (A4a) and (A4b) .  Denote this by y l (  = l/dg 
and further let y2 = 1. Then we write To(x ,  y i )  = Ti" (x )  
and, similarly, t * ( x ,  yi) = t i * ( x ) .  Then, suppressing argu- 
ments, we write 

To,t*+O a~ 2 3  -00 

dTo(O+)  aTo(O-) a to (o+)  a t o ( O - )  
ax ax ax ax 

-=-------'-- -- 

Substituting (A8) into ( A l )  and eliminating Tz' via the 

1 d2Ti0 dTiO 

wall boundary condition (A4a) and (A9),  we have 

----- (.+*) 2-1" 
P d A F  dxz a x  Pe RF 
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where 
8 Bif 

P ~ ' R F  (Bi t  + 4 )  

dztl O NS -4% > 0 )  

Y =  

Similarly, Equation (A2) becomes 

e.-- (a+$) tio +--lo = { O ( X < O )  dx2 8 

( A l l )  
where c = K / 8  and a = Bis/( Bis + 4). 

The solution of this coupled pair of boundary value prob- 
lems requires the roots of the fourth degree characteristic poly- 
nomial. These must be found numerically, owing to the com- 
plexity of the parameters. An exact solution to (A10) and 
( A l l  ) is possible under certain restrictive assumptions: Tio 
= ti" or K = 0. We prefer to develop an approximate solu- 
tion via perturbation methods. 

As is shown by our notation above, we use E = K / 8  as per- 
turbation parameter, which will be approximately 0.125. Hence, 
we are perturbing away from the solution obtained under the 
second assumption above. 

Let 

ti*(x,E) = 5 cm$m(x) (A121 
m=O 

Substituting (A12)  into ( A l l )  and equating coefficients of 
like powers of E ,  we get 

and 

If we truncate (A12)  after k + 1 terms and substitute into 
(AIO), we are left with an order 2k ODE in Ti". Hence, it 
is practical to consider only k = 1, giving 

where 

and 

The solution of Equation (A15) is straightforward; the con- 
stants of integration are obtained via the boundary conditions 
at x = &m and the continuity conditions at x = 0: 

where 
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8 - * 1  as x 3 . a ;  e + O  as x + - . a  (A24) 

O . ~  0.7 

81.2 ; PE ~5 ; PE ~ 0 . 4  ; dt /dp-5  R A 

exact 

- - - - 1 point col locat ion 

x z 4  

/ 

Y- 

I l / l  I 
0 0.2 0.4 0.6 0.0 

Fig. Al.  Comparison of one-point collocation and exact solution of 
one-phase model. 

The final approximate solution is found by interpolation be- 
tween T16 and Tx4: 

To(%, y )  = 

I- ( B i f ( Y 2  - 1 )  - 2> 
+ Bij + 4 

( x >  0 )  

( B i f ( y 2  - 1 )  - 2) ( 1 ; P ) exp { P ~ A F x ( ~  + a )  } 
Bit + 4 2 

( x  < 0 )  

(A201 
One-Phosa Model 

The dimensionless form of the one-phase model is 

1 a2e ae 
(A211 

- = O  ae at y = O  
a Y  

The radial derivatives are again discretized by collocation, 
resulting in a single-boundary value problem. This is solvable 
analytically and the procedure is routine, so we merely give 
the result here: 

d x ,  y )  = 

1 Pe”4x( 1 - @) 

1 + { B”Y;2-+1; - 2 } ( Y ) e x p {  2 
r>O 

Bi(y2 - 1 )  - 2 1 ( 1  ; P ’ )  { P e ’ A x ( 1  + B’)  } 
2 exp Bi + 4 

x < o  I {  where (A261 

32 Bi/( Bi + 4 )  
Pe‘ APe‘R 

(M7) 

Relations between Parameters 

tions are identical at all points (x, y ) if 
By inspection of Equations (A20) and (A26), the two soh- 

Bi = Si. (A281 

Pe’A = PeAF (-429) 
B = 8’ (A301 

A 

Equation (A29) can be written in the form 

Multiplying throughout by R/dp  and noting that 

~ N F N s  1 (k , /ko)Ns2 -=- 
PeRF 8 R e P r  

we obtain the result 

From Equations (A30) and (A29)’ 

where 
A 
p = B i / (  Bi + 4 )  ( A34 ) 

Multiplying throughout by R / d ,  and noting that 

N F  ( k d k g  1 Ns -- - 
PeRF Re - P r  

we obtain 

1 
( A35 ) 

1 1 ( k d k g )  1 +-- 
A 

P e R  PeRF R e - P r  p 
-=- 

<a+;> 
Accuracy of Approximate Solutions 

The validity of the parameter relations given by Equations 
(A28),  (A32), and (A35) must ultimately stand or fall by 
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their agreement with reliable experimental data. However, 
we shall feel more confident if the semianalytical solutions 
found above provide good approximations to the exact solu- 
tions. This question is best examined in two stages: Accuracy 
of one-point collocation approximation to radial profiles and 
accuracy of perturbation approximation to axial profiles. 

Collocation Approximation 
We consider the one-phase model and compare in Figure 

A 1  the one-point collocation solution with the exact analytical 
solution for a typical case found in our experiments. The 
axial distances taken correspond to the bed entrance and 
depths of 5 d p  and 10 dp. It is apparent that the approximate 
solution is poor at bed entrance but improves rapidly with 
increasing bed depth, being within 2% of the exact solution 
at a depth of 10 d,. 

Villadsen and Michelsen (1978) have proposed a one- 
point optimal collocation method based on choosing the 
collocation point as a function of Bi to cover the change in 
type of the wall boundary condition with varying Bi. In our 
case, we would take 

Bi + 6 
Bi + 4 

However, this choice of collocation point leads to much more 
complicated parameter relationships for Pea and PeR. Nu- 
merically, these give very similar results to our previous 
relationships, and we do not consider the refinement to be 
worth the extra complication. 

Perturbation Approximation 
Analysis of truncation error in the perturbation expansion 

is extremely difficult. However, for specific values of the 
parameters, we may solve the coupled boundary value Equa- 
tions ( A I O )  and ( A l l )  as accurately as desired by finding 
the roots of the characteristic polynomial, This solution may 
then be compared with that given by the perturbation tech- 
nique. 

By examining the truncated series for tI0 we anticipate 
worst case conditions regarding accuracy when N s  is small. 
We see that N s  is small for small (&/ap) ,  large ( k r s / k g ) ,  
and small NuJ,, that is, small Re. We therefore take ( k r s / k g )  
= 18, ( d t / d p )  = 7.5 and investigate the effect of Re on the 
accuracy of the perturbation solution. 

Equations (A10)  and ( A l l )  may be reduced to the fourth- 
order equation 

K #Ti' (Ns  + 8) K -*--K-- 
Pe'AF dx4 d3T10 dx3  { P e ' A F  +pe'RF 

( z  < 0)  
( A36 ) 

where we have taken Bi, = 00. 

Case (I) Re = 50. We obtain P e ' R F  = 34.9, P e ' A p  = 8.18, 
Bif = 3.97, K = 1, and, extending the Handley-Heggs 
correlation slightly, N s  = 21.94, N F  = 102.1. 

The characteristic equation is 

0.12 0 4  - 0 3  - 6.70 0 2  + 29.94 D + 26.82 = 0 

The roots are found graphically, and after some algebra the 
solution is 

1 + 0 033 c - 8 . 2 2  - 0.894 e-0.Bz x > 0 
T 1 o  = { 0.148 - 0.0085 ell . lz X < O  

1 - 0.088 e-6.22 - 0.662 e--0.82 x > 0 
x < O  0.259 e4.12 + 0.002 e11.12 

L I I 1 I I I 
0 1 2 3 x 4  5 6 

Analytical 

___ Perturbation 

R E = l  

0. r 
I I 

X- 
1 1.5 1 03 

Fig. A2. Comparison of perturbation and anolytical solutions of the 
collocated two-phase model equations. 

The perturbation solution gives for TI* and x > 0 

Ti0 = 1 - 0.88 13-0.772 

Comparison of the two expressions for T I *  shows extremely 
good agreement, illustrated graphically in Figure A2. 

As an aside, we may further note that the solid and fluid 
phase temperatures given here from the exact solution are 
significantly different. 

Case (2) Re = I. This is the lowest Re value for which 
we use our predictions. For this case, the characteristic equa- 
tion is 

0.13 0 4  - 0 3  - 16.31 D2 + 10.16 D + 121.23 = 0 

The solutions are given as 

Ti" = 1 + 0.062 e-7.72 - 0.64 e-2.72 

1 - 0.002 e-7.71 - 0.505 e-2.72 

x > 0 
0.416 e2.9r + 0.0036 e15Jjz 

0.487 e2.92 + 0.0003 e15.62 

x < o  

x > 0 
X < O  

{ 
t l* = { 
The perturbation solution is 

TI* = 1 - 0.69 e-1.951 x < 0 
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The comparison is again shown in Figure A2. Agreement is 
not YO good in this case, as expected. However, we should 
reiterate that this is a worst case example which perhaps suf- 
fers further in accuracy from the choice of a correlation for 
hf, which predicts Nuj, 3 0 as Re 3 0. In the vast majority 

of cases, having substantially lower k,,/k,, higher Re, and 
perhaps larger dt/d,, the accuracy will be as good if not 
better than that shown in the upper diagram of Figure A2. 

~~~~h 1, and 
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Hot Wire Measurement in the Interacting 
Two-PIa ne Pa ra I IeI Jets 

This study presents the data of turbulence properties in the two-plane 
parallel air jets which merge as they issue into still surroundings. These 
turbulent properties (time averaged and root mean square velocities, Eule- 
rian auto and cross correlation coefficients, various scales of turbuIence, 
energy spectra, and probability density functions of fluctuating velocities) 
were measured in both the converging and combined regions of the jets by 
using the X array, hot wire anemometers. 

The negative high shear stress existed in the merging region. Strictly 
speaking, the turbulent flow in this region is not isotropic. In the combined 
region, the turbulent mechanics of these jets are essentially the same as 
that of the single plane jet. All of the spectra in these jets had a slope of 
5/3 over about one decade of the wave number space. The probability 
density functions were Gaussian except for the boundary to the surround- 
ing air. 

SCOPE 

Two parallel jets interact with each other and tend 
to merge into a single jet at  the downstream of the jets 
when they issue from adjacent two nozzles into still 
surroundings. The interacting turbulent jets are able to 
accomplish rapid and complete mixing of fluids. These 
flows have numerous important applications, for example, 
thrust augmentors, waste disposal plumes from stacks 
and combustion systems, and significant problems of 
turbulent diffusion. The mechanism of these apparatus 
and systems is dominated by the turbulence phenomena 
of the flow in the jets. 

Miller and Comings (1960) and Marsters (1977) have 
studied the mean flow quantities and the intensities of 
the turbulent velocity in interacting two plane jets. Becker 
and Booth (1975) have reported the data of the mean 
smoke concentration and the intensities of the turbulent 
concentration in two round jets with nozzle axes inter- 
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secting. However, no information about other important 
turbulent properties in the interacting jet flow is avail- 
able in the literature. 

The main difficulty confronted in application of turbu- 
lent theories to various engineering operations comes 
from insufficient information about the turbulent structure. 
Hence, in this study, detailed various turbulence properties 
(time averaged and root mean square velocities, Eulerian 
auto and cross correlation coefficients, various scales of 
turbulence, energy spectra, and probability density func- 
tions of fluctuating verocities) wire measured in the inter- 
acting two plane parallel jets. 

Turbulence properties were measured in order to supply 
engineering information and to give experimental data 
on which a realistic model of the turbulent flow can be 
based. 

The objective of this work is to describe the flow of 
air in interacting plane jets with particular emphasis on 
the structure of turbulence in order to contribute basic 
data to various engineering operations. 
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